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Introduction
About twenty years have passed since the unification of the two German states. Many predictions on the economic integration and convergence of the two German states had been made at the time of the unification. Sinn and Sinn (1991) and Akerlof et al. (1991) correctly predicted a massive output collapse after unification, linked to the exchange rate used for monetary union in 1990 which rendered East German moribund industry entirely uncompetitive; both papers suggested that unless corrective measures were taken (and they were not), it would take a long time for East German to recover from this output shock.
Comparable living standard across regions are a fundamental objective of both German and European Union regional policy. Thus, fiscal transfers to the East of Germany continue to be sizeable. While most of the transfers are effectively tied to higher unemployment and higher poverty in the East and thus are used to raise consumption levels, some of these transfers are used to promote production there by funding investments in infrastructure, industrial policies, and the like. These policies should promote spatial convergence of production levels. On the other hand, new economic geography models would suggest that agglomeration tendencies in advanced economies might make it quite difficult for East Germany to attract and retain advanced industries which would work against spatial convergence. Given these possibly opposing forces, it is important to empirically test whether or not convergence of GDP per employee can be observed.
We investigate to what extent convergence in production levels per worker has been achieved in Germany since unification. To this end, we apply a distribution dynamics approach to the distribution of GDP per employee across German districts. This approach to convergence analysis has been introduced to the literature by Quah (1993 Quah ( , 1996 . He interpreted the emergence of a bimodal cross-country distribution of GDP per capita as polarization of distribution into a rich and a poor convergence club and coined the term "twin peaks". Bianchi (1997) was the first to empirically confirm the statistical significance of the second peak using a nonparametric procedure by Silverman (1981) . Colavecchio et al. (2010) apply Silverman's test to the regional distribution of GDP per capita in Germany for the period 1992-2001 and conclude that the distribution is bimodal or even trimodal. Jüssen (2008) applies Silverman's test to the regional distribution of GDP per employee for the period 1992-2004 and finds that an initially bimodal distribution turns into a unimodal distribution around 2002. From this he concludes convergence and does and not further investigate how distributional dynamics have developed within the East.
Recently, Vollmer et al. (2010) pointed out that it is misleading to look at the number of peaks of a distribution if convergence clubs or sub-distributions are the true purpose of the analysis. They show that simple rescaling of the data (e.g. taking logs) produces a statistically significant third peak in the cross-country distribution of GDP per capita. Countries which were previously assigned to Quah's poor convergence club are considered middle-income on the log-scale, which introduces an arbitrary element in these analyses. Vollmer et al. (2010) model the cross-country distribution of GDP per capita with mixture models instead, because this approach is invariant to strictly monotonic transformation of the data and is thus robust towards this shortcoming of the twin peaks approach. Paap and van Dijk (1998) have pioneered the modeling of the cross-country distribution of GDP per capita with mixture models. Recent developments in the methodology of likelihood ratio tests that were not available to Paap and van Dijk (1998) allow us to determine the number and type of components with rigorous statistical testing. We adopt this approach to study the regional distribution of GDP per employee in post-unification Germany for the period 1992-2006.
We find that the regional distribution of GDP per employee in Germany is best described by a mixture of two normal distributions. In 1992, the two component distributions were clearly separated, corresponding to the East and West German districts, respectively. In the following years the two components started to merge, leading to a single mode but continuing to consist of two separate component distributions. own group), and do not affect the main part of the distribution between east and west.
Typically these districts include the central cities of major industrial centers in Western Germany where production is heavily concentrated and which pull in workers from a wide surrounding. They thus represent the extremes of concentrated production activities.
However, these districts do not have any relevance for our research question, namely the catch-up process of East German districts to Western standards after unification. 2 Figure   1 shows the development of the mean and standard deviation for East and West Germany over time. Apparently we observe convergence, with GDP per employee in the East initially growing much faster than in the West and thus catching up. Since 1998 the gap between East and West has shrunk at a much lower rate than before. The overall standard deviation of GDP per employee decreased strongly in the first few years and stayed more or less constant since then. However, the standard deviation in the East increased since 1999 when the speed of convergence had already slowed down. Note that an assessment of income per capita would lead to quite different conclusions. On the one hand, due to much higher unemployment in the East and a lower share of working age people, the differential in income per capita between the East and West remains larger and has closed less than GDP per employee. On the other hand, the sizable transfer payments from West to East ensure that the incomes in the East are much higher than their output levels, sharply reducing the differential between East and West; as our focus is on convergence of labor productivity here, we focus on GDP/worker rather than GNI/capita.
Two-component normal mixtures
A natural way to model a heterogeneous population such as Germany's distribution of GDP per employee after unification is by finite mixture models. In a two-component normal mixture, the observations have density We assume without loss of generality that µ 1 ≤ µ 2 . φ(x; µ 1 , σ 1 ) and φ(x; µ 2 , σ 2 ) correspond to the distributions of the two sub-populations, and α and 1 − α are interpreted their relative sizes. We fit two-component normal mixtures to the log data. In order to check that the parametric components are well-specified, we investigate the log-data in 1992 for East and West separately, since in this year the distributions were clearly separated. We apply Shapiro-Wilk's (SW) and Anderson-Darling's (AD) tests to check whether normality can be rejected, yielding SW p-value East: 0.87; AD p-value East: 0.91; SW p-value West: 0.82; AD p-value West: 0.60. Hence we conclude that a mixture of two normal distributions fits the log-data well. Note that it is essential to set up a joint model for the two populations, since we want to investigate convergence within the complete distribution of GDP per employee in Germany. The parameters α, µ 1 , µ 2 , σ 1 and σ 2 are estimated from the data by a likelihood based method. We allow for unequal variances σ 2 1 and σ 2 2 , because a likelihood ratio test shows that the simplifying assumption of equal variances does not hold for all years.
Let X 1 , . . . , X n denote independent, identically distributed observations with densities
(1). The log-likelihood
in finite normal mixtures with different variances is unbounded, since for any given n, L n (α, µ 1 , µ 2 , σ 1 , σ 2 ) → ∞, if X 1 = µ 1 and σ 1 → 0, holding the other parameters fixed. Thus, a global maximizer of the likelihood function does not exist. There are some formal ways around this problem, e.g. choose the largest local maximum or restrict the possible variances by restrictions of the form σ 2 2 ≤ cσ 2 1 and σ 2 1 ≤ cσ 2 2 for some c > 1 (cf. Hathaway 1985) , which again leads to the existence of a global maximum. We found that using reasonable starting values (which are easy to obtain in our problem by considering East and West German districts separately), maximization algorithms such as EM or quasi Newton found stable local maxima of the log-likelihood function.
In order to formally investigate whether the two components in Germany's distribution of GDP per employee finally merged, one can test in model (1) whether it effectively consists of just a single component. This amounts to testing the hypothesis
against the full model (1). This turns out to be a quite difficult parametric testing problem, see Chen and Chen (2003) for some history. In the following we present a novel approach, the EM-test by Chen and Li (2009) for normal mixtures in mean and variance parameters, which overcomes many drawbacks of the simple likelihood ratio test for the same problem. The test by Chen and Li (2009) is based on a penalized log-likelihood function
Here, p : [0, 1] → R is a continuous function that is maximized at α = 0.5 and tends to negative infinity as α goes to 0 or 1 and p n : [0, ∞) → R is bounded, when σ is large, but tends to negative infinity when σ goes to 0. The test statistic is computed as follows:
Step 0 Choose a set of initial α values, say α 1 , α 2 , . . . , α J and a positive integer K. Compute ( µ 0 , σ 0 ) = arg max µ,σ pl n (0.5, µ, µ, σ, σ).
Let j = 1, k = 0.
Step 1 Let α
Step 3 For i = 1, 2, . . . , n, compute the weights
. and then use the M-step to update the parameters
Let k = k + 1 and repeat Step 3, until k = K.
Step 4 Let j = j + 1, k = 0 and go to Step 1, until j = J.
Step 5 Calculate
j2 ) − pl n (0.5, µ 0 , µ 0 , σ 0 , σ 0 )} Chen and Li (2009) show that under the null hypothesis H 0 , if one of the α j 's is equal to 0.5, then as n → ∞,
As parameters of the EM-test, following the recommendations in Chen and Li (2009) we choose p(α) = log(1 − |1 − 2α|) and p n (σ) = −0.25{s n /σ 2 + log(σ 2 /s n )} where s n = n i=1 (X i −X) 2 /n. Further we choose {α 1 , α 2 , α 3 } = {0.1, 0.3, 0.5} and K = 3. One advantage of modeling (log) GDP per employee is that we can relate the estimated density to any sub-populations. That means that we can use mixture models for discriminant analysis, see e.g. Fraley and Raftery (2002) . Once we have fitted the two-component normal mixture
to the data (here α, µ 1 , µ 2 , σ 1 and σ 2 denote the EM-estimators, maximizing EM (K) n ), each observation X i can be assigned the posterior probabilities
which give the probability that X i belongs to the corresponding component in the mixture model. One may then assign X i to one of the components by using the maximum aposterior estimate (MPE), which assigns the j ∈ {1, 2} to district X i for which p(j; X i ) is maximal.
3 Results Figure 2 shows the fitted normal mixture and a kernel density estimate of the regional distribution of GDP per employee for the first and last year of our analysis, 1992 and 2006, for which we chose the bandwidth according to Silverman's rule of thumb (Silverman, 1986) . Figures for all other years can be found in the appendix (c.f. Figures 5 and 6) . It is apparent that we observe two quite distinct distributions in 1992, which have moved considerably together by 2006. The pictures show two modes and two distributions in 1992, in 2006 there is only a single mode and it is not obvious whether the population consists of two sub-populations or just a single one. Therefore, we test both for the number of modes and for the number of components for all years. Silverman (1981) introduced a nonparametric test for the hypothesis that a density function has k modes against the alternative that it has more than k modes, Bianchi (1997) was the first to apply this test to income distributions. We refer to these two papers for a detailed description of the test. Arguably, the more important feature of the distribution is the number of components that generate this distribution rather than the number of modes. To test for the number of components here, we will apply the EM test as discussed above.
The Regional Distribution of GDP per Employee
Silverman's test rejects unimodality in favor of bimodality from 1992 to 2000. In 2001
the hypothesis of unimodality can only be rejected at the 10 percent level, from 2002 on it cannot be rejected anymore. However, the EM test clearly finds two different components for all years (no matter which level of confidence we apply, the first three digits of the p-values are always zero). The interpretation of this finding is, that levels of GDP per employee in East and
West have moved close enough together so that the two underlying distributions do no longer result in separate modes. However, the complete distribution of GDP per employee continues to be best described by a mixture of two separate underlying distributions. Jüssen (2008) exclusively focuses on the number of modes in the distribution and therefore concludes convergence at this point. His study on the number of modes misses the point that the distribution is still generated by two components which cannot be revealed with Silverman's test. In addition, looking at the dynamics within these two components turns out to be fruitful, to which we turn now.
Posterior Analysis
The In the remainder of the paper we will focus on the East districts which moved up from the first to the second component and on those which failed to do so. Figure 4 Table 2 lists all Eastern districts that moved up to the second component with growth rates and ranks in 1992 and 2006 (within the East). We would expect that initial conditions, i.e. the GDP per employee in 1992, should at least to some extent determine whether or not a district catches up. In particular, if an East German district is initially closer to the second component than other East German districts, and we assume that all districts uniformly converge to a common steady state, then it should be able to close the gap to the second component prior to the districts which initially are farther away.
The empirical evidence contradicts our expectations. One also can approach the question of convergence using another technique. Following the classical Sala-I-Martin (1991, 1992 ) framework, we find β-convergence among all districts, but also within East and West respectively (c.f. Figure 3 (left) ). However, the growth rate of a mover district in the East is about one percentage point higher than the growth rate of a non-mover district which had the same GDP per employee in 1992 (c.f. Figure 3 (right) ). Figure 1 shows that the standard deviation of GDP per employee across East German districts increases; in other words we do not find σ-convergence in the East. However, we observe σ-convergence within the first component. As reported in Table 1 , the σ-parameter of the first component decreases over time (which is mostly due to the fact that the more successful districts move up to the second component). These findings suggest that there are two distinct convergence clubs for GDP per employee in the East of Germany.
This divergence pattern is in contrast to the predictions of the basic neoclassical growth model which, assuming free mobility of capital and labor, would lead to convergence of GDP per employee. Instead it appears that agglomeration tendencies outweigh these processes and prevent greater convergence for the majority of districts. Schäfer and Steger (2010) set up a dynamic macroeconomic model that is motivated by the process of eco-nomic development in Eastern Germany. In their model they describe a small open economy with factor mobility and aggregate increasing returns to scale. The model includes multiple equilibria as well as indeterminacy. Expectations matter for the equilibrium dynamics. Their model can explain our findings as well as some other stylized facts.
Conclusion
We find that the regional distribution of GDP per employee in Germany is best described by a mixture of two normal distributions that is twin peaked in 1992. The two components move closer together to a single peaked distribution but continue to consist of two separate component distributions over the entire observation period. Our analysis is based on a parametric mixture model, which is obtained through rigorous testing of all assumptions involved.
In a posterior analysis we have also identified the East German districts which converged to West German levels of GDP per employee since unification. Movements to the second component cannot be explained by initial levels of GDP per employee. The annual growth rate of a mover district is about one percentage point higher than the growth rate of a non-mover district which had the same level of GDP per employee in 1992. We thus conclude that districts in the East converge to two different steady states that are independent of their initial levels of GDP per employee.
Districts that share a border with the Czech Republic or Poland do systematically worse than other East German districts. We are thus quite optimistic that the inclusion of the Czech Republic and Poland to the European Union and a continuing European
Integration will be beneficial for the East German districts which are currently lagging behind. Their geographic location might, in due time, turn into an advantage in an integrated Europe. 
